The purpose of this paper is to study the existence of fixed points for contractive-type and nonexpansive-type multivalued maps in the setting of modular function spaces. We also discuss the concept of w-modular function and prove fixed point results for weakly-modular contractive maps in modular function spaces. These results extend several similar results proved in metric and Banach spaces settings.
Introduction and Preliminaries
The well-known Banach fixed point theorem on complete metric spaces specifically, each contraction self-map of a complete metric space has a unique fixed point has been extended and generalized in different directions. For example, see Edelstein for all x, y ∈ X and for a fixed number h ∈ 0, 1 . If the Lipschitz constant h 1, then J is called a multivalued nonexpansive mapping 11 . Nadler 10 , Markin 11 , Lami- Dozo 12 , and others proved fixed point theorems for these maps under certain conditions in the setting of 2 Fixed Point Theory and Applications metric and Banach spaces. Note that an element x ∈ X is called a fixed point of a multivalued map J : X → 2 X if x ∈ J x . Among others, without using the concept of the Hausdorff metric, Husain and Tarafdar 13 introduced the notion of a nonexpansive-type multivalued map and proved a fixed point theorem on compact intervals of the real line. Using such type of notions Husain and Latif 14 extended their result to general Banach space setting.
The fixed point results in modular function spaces were given by Khamsi et al. 15 . Even though a metric is not defined, many problems in metric fixed point theory can be reformulated in modular spaces. For instance, fixed point theorems are proved in 15, 16 for nonexpansive maps.
In this paper, we define nonexpansive-type and contractive-type multivalued maps in modular function spaces, investigate the existence of fixed points of such mappings, and prove similar results found in 17 . Now, we recall some basic notions and facts about modular spaces as formulated by Kozlowski 18 . For more details the reader may consult 15, 16 . Let Ω be a nonempty set and let Σ be a nontrivial σ-algebra of subsets of Ω. Let P be a δ-ring of subsets of Σ, such that E ∩ A ∈ P for any E ∈ P and A ∈ Σ.
Let us assume that there exists an increasing sequence of sets K n ∈ P such that Ω K n . By E we denote the linear space of all simple functions with supports from P. By M we will denote the space of all measurable functions, that is, all functions f : Ω → R such that there exists a sequence {g n } ∈ E, |g n | ≤ |f| and g n ω → f ω for all ω ∈ Ω. By 1 A we denote the characteristic function of the set A. 
The definition of ρ is then extended to
For the sake of simplicity we write ρ f instead of ρ f, Ω .
Definition 1.2.
A set E is said to be ρ-null if ρ α, E 0 for every α > 0. A property p w is said to hold ρ-almost everywhere ρ-a.e. if the set {w ∈ Ω : p w does not hold} is ρ-null.
Definition 1.3.
A modular function ρ is called σ-finite if there exists an increasing sequence of sets K n ∈ P such that 0 < ρ K n < ∞ and Ω K n . It is easy to see that the functional In addition, if the following property is satisfied,
we say that ρ is a convex modular.
The modular ρ defines a corresponding modular space, that is, the vector space L ρ given by
When ρ is convex, the formula
defines a norm in the modular space L ρ which is frequently called the Luxemburg norm. We can also consider the space E ρ f ∈ M; ρ αf, A n → 0 as n → ∞ for every A n ∈ Σ that decreases to ∅ and α> 0 .
Definition 1.4. A function modular is said to satisfy the
We know from 18 that E ρ L ρ when ρ satisfies the Δ 2 -condition.
Definition 1.5.
A function modular is said to satisfy the Δ 2 -type condition if there exists K > 0 such that for any f ∈ L ρ we have ρ 2f ≤ Kρ f . In general, Δ 2 -type condition and Δ 2 -condition are not equivalent, even though it is obvious that Δ 2 -type condition implies Δ 2 -condition on the modular space L ρ . Definition 1.6. Let Ł ρ be a modular space.
3 The sequence {f n } ⊂ L ρ is said to be ρ-Cauchy if ρ f n − f m → 0 as n and m go to ∞.
4 A subset C of L ρ is called ρ-closed if the ρ-limit of a ρ-convergent sequence of C always belongs to C. 
We recall two basic results see 15 in the theory of modular spaces.
i If there exists a number α > 0 such that ρ α f n − f → 0, then there exists a subsequence {g n } of {f n } such that g n → fρ-a.e.
ii Lebesgue's Theorem If f n , f ∈ M, f n → fρ-a.e. and there exists a function g ∈ E ρ such that |f n | ≤ |g|ρ-a.e. for all n, then f n − f p → 0.
We know, by 15, 16 that under Δ 2 -condition the norm convergence and modular convergence are equivalent, which implies that the norm and modular convergence are also the same when we deal with the Δ 2 -type condition. In the sequel we will assume that the modular function ρ is convex and satisfies the Δ 2 -type condition.
Definition 1.7.
Let ρ be as aforementioned. We define a growth function ω by
We have the following:
Lemma 1.8 see 19 . Let ρ be as aforementioned. Then the growth function ω has the following properties:
1 ω t < ∞ ,∀t ∈ 0, ∞ , 2 ω : 0, ∞ → 0, ∞
is a convex, strictly increasing function. So, it is continuous,
The following lemma shows that the growth function can be used to give an upper bound for the norm of a function.
Lemma 1.9 see 19 . Let ρ be a convex function modular satisfying the Δ 2 -type condition. Then
The next lemma will be of major interest throughout this work. 
Moreover, one has
Fixed Points of Contractive-Type and Nonexpansive-Type Maps
In the sequel we assume that ρ is a convex, σ-finite modular function satisfying the Δ 2 -type condition, and C is a nonempty ρ-bounded subset of the modular function space L ρ . We denote that C C is a collection of all nonempty ρ-closed subsets of C, and K C is a collection of all nonempty ρ-compact subsets of C. We say that a multivalued map T : C → 2 C is ρ-contractive-type if there exists k ∈ 0, 1 such that for any f, g ∈ C and for any F ∈ T f , there exists G ∈ T g such that
and ρ-nonexpansive-type if for any f, g ∈ C and for any F ∈ T f , there exists G ∈ T g such that
We have the following fixed point theorem for which a similar result may be found in 17 .
Theorem 2.1. Let C be a nonempty ρ-closed subset of the modular function space L ρ . Then any T : C → C C ρ-contractive-type map has a fixed point, that is, there exists
Proof. Let f 0 ∈ C. Without loss of generality, assume that f 0 is not a fixed point of T . Then there exists f 1 ∈ T f 0 such that
By induction, one can easily construct a sequence {f n } ∈ C such that f n 1 ∈ T f n and
Fixed Point Theory and Applications for any n ≥ 1. In particular we have
Without loss of generality, we may assume ρ f n 1 , f n / 0, otherwise f n is a fixed point of T . Hence
Using Lemma 1.9, we get
Using the properties of ω t , we get
which implies
Since ω 1 1 and k < 1, then 1 < ω −1 1/k . This forces {f n } to be · ρ -Cauchy. Hence the sequence {f n } · ρ -converges to some f ∈ L ρ . Since ρ satisfies the Δ 2 -condition, then {f n }ρ-converges to f. Since C is ρ-closed, then f ∈ C. Let us prove that f is indeed a fixed point of T . Since T is a ρ-contractive-type mapping, then for any n ≥ 1, there exists F n ∈ T f such that
Hence {ρ f n 1 −F n } converges to 0. Since ρ satisfies the Δ 2 -condition, we have { f n 1 − F n ρ } converges to 0. Since {f n } · ρ -converges to f, then {F n } · ρ -converges to f. Hence {F n }ρ-converges to f. Since T f is ρ-closed and {F n } ∈ T f , we get f ∈ T f . 
In particular one has lim n → ∞ dist ρ f n , T f n 0, where
Proof. Let λ ∈ 0, 1 and let f 0 be a fixed point in C. For each f ∈ C, define a map
Note that T λ f is nonempty and ρ-closed subset of C because T f is ρ-closed and C is convex. Since T is a ρ-nonexpansive-type map, for each f, g ∈ C and for any F ∈ T f , there exists G ∈ T g such that
Since ρ is convex we get
In other words, the map T λ is a ρ-contractive-type. Theorem 2.1 implies the existence of a fixed point f λ of T λ , thus there exists F λ ∈ T f λ such that
In particular, we have
Fixed Point Theory and Applications where δ ρ C sup f,g∈C ρ f − g is the ρ-diameter of C. Note that since C is ρ-bounded, then δ ρ C < ∞. If we choose λ 1/n, for n ≥ 1 and write f n f λ n and F n F λ n , we get ρ f n − F n ≤ δ ρ C n , 2.20 for any n ≥ 1, which implies lim n → ∞ ρ f n − F n 0.
Using the above result, we are now ready to prove the main fixed point result for ρ-nonexpansive-type multivalued maps. 
